We study a model of interacting spinless fermions in a one dimensional lattice with supersymmetry (SUSY). The Hamiltonian is given by the anti-commutator of two supercharges Q and Q † , each of which is comprised solely of fermion operators and possesses one adjustable parameter g. When the parameter g vanishes, the model is identical to the one studied by Nicolai [H. Nicolai, J. Phys. A: Math. Gen. 9, 1497 (1976)], where the zero-energy ground state is exponentially degenerate. On the other hand, in the large-g limit the model reduces to the free-fermion chain with a four-fold degenerate ground state. We show that for finite chains SUSY is spontaneously broken when g > 0.
I. INTRODUCTION
Recently, Nambu-Goldstone (NG) bosons [1] [2] [3] in nonrelativistic systems have drawn renewed attention. This is in part motivated by the clarification of the counting rule for NG bosons proposed in [4, 5] . According to them, non-relativistic NG bosons can be classified into two types, A and B. If we believe in the existence of the effective Lagrangian for the NG bosons, they live in the coset space of the spontaneously broken symmetries, and type A (B) NG bosons have the second (first) order time derivative such that they are compatible with the coset structure.
In order to relate the classification to the intrinsic symmetry breaking pattern, we consider the vacuum expectation values of commutation relations, 0|[Q i , Q j ]|0 , of generators of broken symmetries, Q i (i = 1, 2, · · · , n BG ) in the Hermitian basis. In the effective Lagrangian description, type A NG bosons correspond to the situation in which 0|[Q i , Q j ]|0 = 0 for any pairs of i and j, while type B NG bosons correspond to the situation in which 0|[Q i , Q j ]|0 = 0 for some pair of i and j. Using the matrix ρ whose elements are defined as ρ ij = −i 0|[Q i , Q j ]|0 , the number of NG bosons is given by n BG − 1 2 rankρ. Here, the number of type A NG bosons is given by n A = n BG − rankρ, and the number of type B NG bosons is given by n B = 1 2 rankρ. Furthermore, the above mentioned coset structure determines the dispersion relations from the matrix ρ. Type A (B) NG bosons have linear (quadratic) dispersion, ω ∝ |p| (ω ∝ p 2 ), where ω and p are frequency and momentum, respectively. The classification is intuitive, but relies on the weakly coupled effective Lagrangian description with the coset structure. In particular, it is not obvious if the argument directly applies to the spontaneous supersymmetry (SUSY) breaking.
The original idea of SUSY is to combine bosons and fermions in the same representation. The SUSY generators Q and Q † interchange bosonic and fermionic particles. It was first discovered in the study of the fermionic strings in two-dimension [6, 7] , and then generalized to four-dimensions by Wess and Zumino [13] (as well as in the earlier work by Golfand and Likhtman [8] ). In elementary particle physics, SUSY has been pursued for a possible solution of the hierarchy problem [9, 10] . The central idea is that the Bose-Fermi cancellation above the electro-weak energy scale will ameliorate the high energy fine-tuning of dimensionful parameters in the standard model of particle physics.
In reality, we have not observed SUSY in any particle physics experiment as of writing this paper. Therefore, we believe that SUSY, if any, must be spontaneously broken. In relativistic field theory, spontaneous SUSY breaking also gives rise to massless fermions, which are called Nambu-Goldstone (NG) fermions or Goldstinos [14] . This is the SUSY version of the Nambu-Goldstone theorem [1] [2] [3] . Studies on the relationship between NG fermions and spontaneous SUSY breaking have a long history especially in relativistic cases. Indeed, before the seminal paper by Wess and Zumino, Akulov and Volkov [11, 12] proposed the model of SUSY only with fermions, which may be regarded as the action of the NG fermions.
On the other hand, less is known about the relation between spontaneous SUSY breaking and NG fermions in lattice and/or non-relativistic systems. In condensed matter physics, SUSY is discussed in cold-atom systems, topological insulators, and lattice systems [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Examples of the lattice models with SUSY include Nicolai's model [25] and a class of models introduced by Fendley et. al. [27] . These models are special in that their groundstate degeneracy tends to grow exponentially with system size. In the cold-atom context, a possible realization of SUSY in Bose-Fermi mixtures has been theoretically introduced by Yu and Yang [18] . The Hamiltonian describing the system commutes with the fermionic supercharge Q (Q † ) that turns a fermion (boson) into a boson (fermion). The system exhibits spontaneous SUSY breaking, i.e., ψ 0 |{Q, Q † }|ψ 0 = 0 in the ground state |ψ 0 unless the number of particles is zero. On the other hand, the dispersion relation of NG fermions in this model is quadratic and can be thought of as type B in the classification scheme by ignoring the difference between commutator and anti-commutator [22] . This means that the model satisfies the counting rule for NG bosons despite that the excitation is a fermion. Here, a natural question arises: Can we always apply the counting rule of NG bosons to spontaneous SUSY breaking naively?
The answer to this question is "No" because there is a model that may be regarded as an exception of a naive generalization of the counting rules. One of the goals of this paper is to show such an example and to understand the nature of NG fermions induced by the spontaneous SUSY breaking there. More precisely, we introduce the extended version of the Nicolai model, a lattice model with SUSY in one spatial dimension and analyze the vacuum structure and the low energy excitations. We show that SUSY is broken spontaneously in this model and the low energy effective field theory is described by a massless Dirac fermion (or Thirring fermion more generally). In our model, the structure of the vacuum expectation value of broken SUSY generators looks like that of type B NG bosons, i.e. 0|{Q, Q † }|0 = 0, but we find that the dispersion is linear ω ∝ |p| which is supposed to be the dispersion of type A. This suggests that a naive generalization of the counting rules for NG bosons does not apply to the present case.
The rest of the paper is organized as follows. In Sec. II, we define the model and describe the symmetries of its Hamiltonian, including SUSY. The Hamiltonian of the model is defined as the anti-commutator of fermionic superchages Q and Q † . In Sec. III, we first define precisely what we mean by spontaneous SUSY breaking. We then prove that SUSY is spontaneously broken in our model for both a finite chain with g > 0 and the infinite chain with sufficiently large g. In Sec. IV, we study the nature of the low-energy excitations both analytically and numerically. We provide substantial evidence that the low-energy excitations are well described by massless Thirring fermions. Concluding remarks are presented in Sec. V. In Appendices A-D, we derive some of the formulas used in the main text. In Appendix F, we present an analogue of the NG fermion theorem in translational invariant but not necessarily Lorentz invariant field theories.
II. MODEL
In this section we define the model we study and describe its symmetries. We consider a system of spinless fermions on a chain of length N . Throughout the paper, we assume that N is even and we impose periodic boundary conditions. For each site j, we denote by c † j and c j the creation and the annihilation operators, respectively. They obey the usual anticommutation relations
for all i, j = 1, 2, · · · , N . As usual, the number operators are defined by n j := c † j c j . The total fermion number is then defined by F := N j=1 n j .
A. Hamiltonian and supercharges
The Hamiltonian of our model is defined in terms of the supercharge Q and its Hermitian conjugate Q † as
In our model, the supercharge Q is made up solely of fermions and is defined by
One can easily verify that Q and Q † are nilpotent, i.e., Q 2 = (Q † ) 2 = 0 by noting that each summand in Eq. (3) is nilpotent and anticommutes with the others. Without loss of generality, we can assume that g ≥ 0 because Q with g ≤ 0 can be achieved by local unitary transformations: c j → (−1) j c j . When g = 0, the supercharge Q becomes identical to the one considered by Nicolai in [25] . In this sense, our model is one parameter generalization of the Nicolai model.
A tedious but straightforward calculation shows that the explicit expression for the Hamiltonian is given by
where
The first term H hop denotes the usual fermion hopping term. Here, the alternating sign of the hopping amplitudes is not essential because it can be made uniform by local unitary transformations which will be discussed later. The second term H charge represents an attractive interaction between nearest-neighbor fermions and a repulsive interaction between next-nearest-neighbor fermions on odd-numbered sites. In addition, H charge includes an on-site potential term. The third term H pair looks complicated, but can be thought of as a pair hopping term. A schematic representation of each term is shown in Fig. 1 . 
B. Symmetries
The model has various symmetries including, of course, SUSY. It follows from the nilpotency of Q and Q † that the supercharges commute with the Hamiltonian
An immediate consequence is that states with positive energy come in pairs, called superpartners. Note that a zero-energy state is a SUSY singlet and does not have a superpartner. The supercharges and the total fermion number F satisfy the following algebra
implying Q (Q † ) decreases (increases) F by one. As a consequence, F is conserved,
from which it follows that the model has U(1) symmetry. Furthermore, the relation Eq. (9) tells us that superpartners differ in their fermion number by one. Other symmetries of the Hamiltonian are translation, inversion, and charge conjugation. Let us discuss them one by one. The supercharge Q is invariant under translation by two sites, namely, T : c j → c j+2 . As a consequence, H is also invariant under translation T . Next, let us examine inversion symmetry. An explicit calculation shows that Q and Q † are invariant under sending c j → −(−1) j c N −j . More precisely, they commute with the operator U that leads to
Note that U squares to the identity. One can, in principle, derive an explicit expression for U by noting that the operator
permutes c i and c j [30, 31] . The fact that H commutes with U follows from
The inversion U plays an important role in the discussion below. Finally, we remark that Q and Q † are interchanged by the charge conjugation: c j → −(−1) j c † j . As a consequence, the Hamiltonian Eq. (2) is invariant under this transformation.
III. SUSY BREAKING

A. Definition
Let us first give a precise definition of spontaneous SUSY breaking. The SUSY Hamiltonian Eq. (2) is, by definition, positive-semidefinite, i.e.,
for any state |ψ . A state annihilated by both Q and Q † has zero energy, and hence is a ground state of H. If a zero-energy ground state exists, SUSY is unbroken. On the other hand, by spontaneous SUSY breaking, we mean that there is no zero-energy state. In other words, the ground-state energy of H is strictly positive. This definition makes perfect sense in any finite volume systems, but is somewhat subtle in the infinite-volume limit, as discussed by Witten [14] . This is because SUSY may be restored in the infinite-volume limit if the ground-state energy approaches zero as the system size N increases. To avoid this subtlety, we shall adopt the following definition:
Definition: SUSY is spontaneously broken if the ground-state energy per site is strictly positive.
This definition applies to both finite and infinite-volume systems. In the following we first show in our model that SUSY is broken spontaneously in any finite chain when g > 0. Then we prove that spontaneous SUSY breaking also occurs in the infinite-volume limit when g is sufficiently large.
B. SUSY breaking in finite chains
Let us prove that for any finite chain SUSY is broken spontaneously when g > 0. The key to the proof is to show the existence of an operator O such that {Q, O} = g. Let us first show how the spontaneous SUSY breaking follows from the existence of such an operator. Suppose for the sake of contradiction that there exists a zero-energy state |ψ 0 = 0 annihilated by both Q and Q † . Then, we have
from which it follows that g = 0. This, however, contradicts the fact that g is nonvanishing. Now the question is if there is an operator O that has the desired property. In fact, a straightforward calculation shows that the following operators
there is no zero-energy state and the ground-state energy per site is strictly positive for any finite N , implying that SUSY is spontaneously broken. We note in passing that SUSY is unbroken in the original Nicolai model corresponding to g = 0. This is most easily seen by noting that the empty and the fully filled states are annihilated by both Q and Q † when g = 0. There are many other zero-energy ground states, the number of which grows exponentially with the system size N . This will be discussed elsewhere [32] .
C. SUSY breaking in the infinite-volume limit
The above argument does not exclude the possibility that SUSY is restored in the infinite-volume limit, because the ground-state energy per site might become zero. However, for sufficiently large g this is not the case.
To prove this, we use Anderson's argument [33, 35? -37] with which we can obtain a lower bound for the groundstate energy.
We first note that the sum of the lowest eigenvalues of the terms consisting of H must be equal to or less than the ground-state energy E 0 . In Eq. (4), H charge +H pair is identical to the Hamiltonian of the original Nicolai model (g = 0) and its ground-state energy is zero as discussed in the previous subsection. Thus, we have
is the ground-state energy of H hop . Since H hop is a free-fermion Hamiltonian, one can easily compute E hop 0
and find E hop 0 ≥ −2gN/π (see Appendix A for the derivation). This yields
Therefore, the ground-state energy per site, E 0 /N , is strictly positive when g > 4/π = 1.2732.... This proves the spontaneous SUSY breaking. We remark that the condition g > 4/π is sufficient for spontaneous SUSY breaking, but may not be optimal. An improved bound might be obtained by using a more sophisticated decomposition of the Hamiltonian.
IV. NAMBU-GOLDSTONE FERMIONS
In this section, we study the nature of the low-energy excitations of our model when SUSY is spontaneously broken. In Sec. IV A 1, based on a variational argument, we prove the existence of low-lying states whose excitation energies are bounded from above by a linear dispersion relation. In Sec. IV A 2, we show our numerical results obtained by exact diagonalization. The results provide convincing evidence that the dispersion of the lowest fermionic excitation is linear in momentum p and that the low-energy effective field theory falls into the same universality class as the massless Thirring model. To further support this, in Sec. IV B, we carry out an analysis of the continuum limit of the model using bosonization and renormalization group techniques.
A. Lattice result
Variational argument
In this subsection, we prove that spontaneous SUSY breaking in our model implies the existence of a gapless fermionic excitation. More precisely, we derive a rigorous upper bound for the energy of a low-lying state consisting of states with momenta ±p relative to the ground state, and show that it is bounded from above by p-linear dispersion relation. To this end, we propose a variational ansatz, similar to the Bijl-Feynman ansatz [38] used in the context of the Heisenberg antiferromagnets [39] [40] [41] . In the following, we assume that g > 4/π so that SUSY is spontaneously broken, and that the ground-state degeneracy is independent of the system size N . In fact, our numerical results suggest that the ground-state degeneracy is always four, irrespective of N .
Let |ψ 0 be a normalized ground state of H. We can always choose |ψ 0 to be annihilated by Q [27] . This can be seen as follows. Let |ψ ′ be an eigenstate of H with energy E > 0 and suppose Q|ψ ′ = 0. Since H commutes with Q and Q † ,
is also an eigenstate of H with the same energy. It then follows from Q 2 = 0 that Q|ψ = 0. Since H commutes with the total fermion number F , the translation T , and the inversion U , we can further assume that |ψ 0 is a simultaneous eigenstate of (H, F, T, U ) with eigenvalues (E 0 , F 0 , T 0 , U 0 ). Note that possible eigenvalues of U are ±1, because U 2 = 1. Another ground state Q † |ψ 0 is also a simultaneous eigenstate of (H, F, T, U ) with eigenval-
. Therefore, the two ground states |ψ 0 and Q † |ψ 0 differ only in their fermion number.
For our purposes, it is convenient to introduce local supercharges
which are nilpotent and mutually anticommuting. The Fourier transform of q k is then defined as
Here, the wavenumber p takes values p = 4πm/N , where m ∈ Z and −π < p ≤ π. We note that the uniform component Q 0 is identical to the supercharge Q in Eq. (3). One can verify that for any p,
hold. This implies that Q p (Q † p ) decreases (increases) F by one. Q p and Q −p (Q † p and Q † −p ) are related to each other by inversion U as follows:
Now, we consider the following variational state
(Note that Q p + Q † p is Hermitian.) The state |ψ p is orthogonal to both |ψ 0 and Q † |ψ 0 since |ψ p can be decomposed into a linear combination of states with momenta ±p = 0 relative to the ground states. The variational energy of |ψ p is obtained as
where · · · 0 denotes the ground-state expectation value defined by · · · 0 := ψ 0 | · · · |ψ 0 . A detailed derivation of Eq. (24) is given in Appendix B. From the locality of anticommutators,
and the identity [H,
which holds for any state |ψ and any operators A, B (for the proof, see Appendix C). With the identification,
The denominator of Eq. (27) is nonvanishing when SUSY is broken spontaneously. This can be seen as follows. Let us denote by
is of the order of N from the locality Eq. (25) . The properties Eq. (22) and 
Furthermore, f n (0) = 0 since H commutes with Q 0 and Q † 0 . Putting these together, we find
where C is a constant independent of N . Thus, we arrive at
which gives a rigorous upper bound for the low-lying excitations.
Some comments are in order. (i) The assumption that the ground-state degeneracy is finite and independent of N is crucial in the proof, because otherwise we cannot exclude the pathological cases where all the trial states |ψ p represent other ground states orthogonal to both |ψ 0 and Q † |ψ 0 .
(ii) A field theoretical analogue of the above result can be proved, provided the existence of a local operator analogous to Eq. (15) . See Appendix F for more details. (iii) Since our proof does not rely on the specific form of q k or the one dimensionality of the lattice, we expect that similar results would hold for more general models in one and higher dimensions.
Numerical result
The previous argument implies the existence of a gapless excitation with linear dispersion relation. To verify this, we numerically study the low-energy excitations using exact diagonalizaton up to N = 22 sites. We have checked that there are four ground states irrespective of N and they are in the sectors F = N/2 and F = N/2 ± 1. The first excited states lie in the subspaces with F = N/2 ± 1 and F = N/2 ± 2. In Fig. 2 , we plot the first excitation energies relative to the ground state as a function of 1/N for various g values. Since 1/N is proportional to the wavenumber p, the dispersion relation can be read off from the plot. The results suggest that the lowest excitation energy is linear in p, which implies the existence of NG fermions.
To provide further evidence, we perform a finite-size scaling analysis of the ground state energy density E 0 /N . From the free-fermion result (Appendix A 2) which is valid in the large-g limit, we adopt the following form from the finite size scaling of CFTs [43, 44] :
where e ∞ is the ground-state energy per site in the infinite-N limit, v F the Fermi velocity. Here, the constant c is a central charge of the corresponding conformal field theory (CFT). In our numerical analysis, v F is estimated as v F = N ∆E/2π, where ∆E is the difference between the first excited and ground-state energies. Combining this estimate with the scaling ansatz Eq. (32), we find that the central charge for g = 4.0 is c = 1.00805, which is remarkably close to unity. The estimated central charges for other g are summarized in Table I . The results obtained suggest that the low-energy effective field theory of our model with g > 0 falls into a class of c = 1 CFTs. c = 1 CFTs are further specified by the TomonagaLuttinger (TL) parameter (or equivalently, the compactification radius of the dual boson). A well-known example is the massless Thirring model, where the power-law behavior changes continuously with varying the TL parameter. To further specify the effective field theory of our model, we calculate the TL parameter numerically based on the formula derived in [45, 46] 
Here, F (L) is the number fluctuation in a subsystem A of length L, K is the TL parameter, α is a short distance cutoff, N A is the particle number in subsystem A, and the symbol · · · denotes the expectation value in the ground state in the sector F = N/2. The details of the derivation of the formula are given in Appendix E. The TL parameter K can be obtained by comparing numerically calculated F (L) with Eq. (34) . In this calculation, we take subsystem sizes L from 1 to N/2. We note that K takes the same value in the degenerate ground states (in the sector F = N/2). Figure 3 shows the dependence of the estimated K on g for N = 16, 18, 20, 22. The estimated K increases as N increases when g is larger than about 3.0, while it decreases when g is smaller than 3.0. Figure 4 shows the estimated K as a function of the system length N for g = 2, 3, 4, 6, 8. As we can see, K is linear as a function of 1/N . The intercept of each plot gives the TL parameter of the infinite system. The values of K so obtained are summarized in Table II and are shown in Fig. 3 as well.
According to this table, the TL parameter K is almost independent of g and is remarkably close to unity in the large N extrapolation. This suggests that the low-energy effective field theory is well described by a massless Dirac fermion. In the next section, we compare the numerical results against the renormalization group analysis. Given a few percent errors in the central charge with nontrivial g dependence (which must vanish) in our extrapolation, however, whether K = 1 is exactly so independently of g in the infinite-volume limit is to be addressed in a future work.
B. Continuum limit
In order to support the numerical results in the previous subsection, we derive the low energy effective Hamil-TABLE II. The TL parameter K in the infinite system estimated by the extrapolation shown in Fig. 4 . tonian in the large-g limit using bosonization and renormalization group (RG). In this limit, the Hamiltonian H is dominated by H hop , and the rest of the terms, H charge and H pair , can be treated as a perturbation. For later purposes, we rewrite the Hamiltonians in Eqs. (5)- (7) using the following unitary transformation:
As a result, we have [47] 
(: n j : : n j+1 :) (37) where : n j : is normal ordering of n j which is defined as n j − 1/2. We note in passing that one of the ground states is in the sector with F = N/2 and the expectation value of n j in it is 1/2 due to the translational symmetry. Let us first derive a bosonized Hamiltonian. In the following, we assume that the parameter g is large enough so that H charge and H pair can be regarded as a perturbation to the free Hamiltonian H hop , whose continuum limit is described by free massless Dirac fermions. In the continuum limit, the annihilation operator c j can be written in the form:
Here, a is the lattice spacing, the subscript R (L) denotes right (left) branch of fermions, x = ja, and k F = π/(2a) is the Fermi wave number. Fermion field operators ψ L (x) and ψ R (x) satisfy usual anticommutation relations
To obtain the effective Hamiltonian in terms of bosonic fields, we bosonize the fermion fields,
where the bosonic fields φ R (x) and φ L (x) obey the commutation relations
and the short-distance α is introduced to regularize the ultraviolet divergences. Note that α does not necessarily coincide with the lattice spacing a. 
The bosonized form of the hopping term reads
where we have introduced the velocity v 0 = 2ga and the new bosonic fields
, which satisfy the commutation relation [ϕ(x), Π(y)] = iδ(x − y) [48] . Similarly, H charge and H pair can be expressed in terms of ϕ and Π. The results are summarized in Table III . We note that higher derivative terms arising from H charge and H pair are negligible since their scaling dimensions are larger than 2, and thus obviously irrelevant. The staggered terms j (−1) j · · · in Eqs. (36) and (37) are also negligible, because in the continuum limit the most relevant terms arising from them can be written in the form of a total derivative.
Putting all this together, we arrive at the following sine-Gordon Hamiltonian
where v, K, γ are the velocity, the TL parameter, and the coupling constant, respectively. The values of the velocity and the TL parameter can be read off from Table  III :
In the large-g limit, K is approximated as
We note that up to this order, the effective action has the emergent Lorentz symmetry, so one may follow the standard procedure of the RG method with Lorentz symmetry. The RG equation for γ is obtained as dγ dℓ
where ℓ is scale length satisfying dℓ = dlnα. It then follows that the cosine term in Eq. (46) has scaling dimension 4K > 4 and is obviously irrelevant. Therefore, the low-energy effective Hamiltonian is described by a freeboson theory. The effective Hamiltonian has the same form as Eq. (45), but the velocity v 0 is replaced with v. By refermionizing the effective Hamiltonian, we can get the Hamiltonian of the massless Thirring model. This supports the conclusion drawn from our numerical results in the previous subsection. A comment is in order. We saw that in Table II , the TL parameter K is almost independent of g and is slightly smaller than 1 in the large N extrapolation. On the other hand, the analytically obtained K from bosonization in Eq. (48) obviously depends of g and is always greater than 1. This discrepancy may originate from finite-size corrections to Eq. (34) or the regularization scheme chosen in the field theory calculation. While the irrelevance of the γ-term in Eq. (46) is not affected by the actual value of K as long as K is sufficiently close to 1, a more comprehensive analysis of K would be desirable for future studies.
V. CONCLUSION
In this paper, we have studied one parameter extension of the Nicolai model in one spatial dimension, whose Hamiltonian is constructed from the supercharges Q and Q † as H = {Q, Q † }. The model interpolates smoothly between the original Nicolai model and the free-fermion chain as the parameter g is varied from 0 to ∞. When g > 0, SUSY is spontaneously broken for any finite chain, which follows from the existence of a local operator whose anticommutator with Q is constant. For the infinite chain, we proved that SUSY is spontaneously broken when g > 4/π.
We have also carried out various analysis of the nature of the low-energy excitations. Based on a variational approach, we proved the existence of low-lying states whose excitation energies are bounded from above by a linear dispersion relation. We then numerically studied the ground states and the low-lying states to find that the low-energy physics is described by c = 1 massless Thirring model with the TL parameter K close to 1. This was further supported by the analysis of the continuum model in the large-g limit using bosonization and renormalization group techniques.
While we have analyzed a particular model, we can draw some general lessons on NG fermions in non-relativistic systems. In particular, for the counting of NG fermions, our model provides an example in which assumptions implicitly made in the argument in the literature (for non-relativistic NG bosons) must be carefully reconsidered (see appendix F). They include the assumption on the analytic dependence of the broken SUSY generators on the momentum, decoupling of the NG fermions from the other gapless degrees of freedom and possibilities of strong couplings among NG modes. From the RG analysis and the constraint on the spectral functions, we know that relativistic NG modes (both bosonic and fermionic) cannot interact strongly at low energy in two or more space dimensions, but in non-relativistic systems, in particular in 1 + 1 dimensions, gapless fermions may admit nontrivial marginal or relevant interactions. In our case, the TL parameter may be an example of such deformations. To understand the possibility of strong interactions of NG fermions (or bosons more generally without Lorentz invariance), it is important to precisely determine the TL parameter for the NG fermions in our model.
While our RG analysis is essentially 1/g expansions around the free Dirac fermions at g = ∞, it is interesting to see if we can set up the small g expansions around the original Nicolai model at g = 0. The Nicolai model has exponentially degenerate ground states, whose classification has not been completed yet [32] , but our argument shows that the perturbation by g lifts all the ground states except for the NG fermion modes. In this viewpoint, the Nicolai model may be regarded as a limit of strongly interacting NG fermions and other excitations. We hope that this picture may be helpful to classify the ground states of the original Nicolai model.
with the constraint −π < q ≤ π. In the ground state of H hop , all negative single-particle energy levels are filled. We thus find that the groundstate energy of H hop is
For both periodic and anti-periodic cases, one finds
It then follows from the inequality x ≤ tan x for 0 ≤ x ≤ π/2 that
We note in passing that the ground state of H hop is four-fold degenerate, because ǫ(q) has two zero modes corresponding to q = ±π/2 and the states with these modes filled or empty have the same energy. 
where e ∞ = −2g/π is the ground-state energy per site in the infinite-volume limit and v F = 2g is the Fermi velocity. The finite size correction of order 1/N 2 is in agreement with the result of the c = 1 CFT on a cylinder (e.g. realized by a massless Dirac fermion with periodic boundary condition).
where b q and b † q are, respectively, annihilation and creation operators for a boson with momentum q, and ϕ 0 is the zero momentum mode. The momentum q takes a value from { 2π N n} n∈Z . For definitions of K and α, see the main text. A straightforward calculation yields
Then we obtain
where we have assumed that l is much larger than the cutoff length α. This together with Eq. (E3) yields the desired result
.
(E7)
Appendix F: NG fermion theorem in field theory
Existence of gapless fermionic excitation
In this appendix, we sketch a derivation of the NG fermion theorem in translational invariant but not necessarily Lorentz invariant field theories. The argument is almost in parallel with the NG boson theorem [49, 50] modulo some subtleties. In line with the discussions in the main text, we work in the 1 + 1 dimensions but higher dimensional generalization is straightforward. (Note that the spontaneous SUSY breaking does occur in 1 + 1 dimension, which should be contrasted with the spontaneous bosonic symmetry breaking with ColemanMermin-Wagner theorem [51, 52] .)
From the locality of the Hamiltonian, we assume that the SUSY generator Q with the SUSY algebra
is given by an integral over the local supercharge density q(x, t) as Q = dxq(x, t). We furthermore assume Q is translation invariant [P, Q] = 0 with the momentum operator P . Then the conservation of Q requires the existence of another fermionic local operator q 0 (x, t) such that ∂ t q(x, t) = ∂ x q 0 (x, t).
In continuum field theory, a well-defined criterion of the spontaneous SUSY breaking is that there exists an local operator O(x, t) and non-zero c-number g such that
where |0 is assumed to be translation invariant P |0 = 0. The operator O(x, t) can be thought of as a continuum analogue of Eq. (15) discussed in the main text.
To proceed, we study the anti-commutator {q(x, t), O(0, 0)}.
For notational convenience, we write q := q(0, 0) and O := O(0, 0) in the following. Using the resolution of the identity in momentum representation, we have 0|{q(x, t), O}|0 = np dp 2π e −ipx+iEpt 0|q|n p n p |O|0
where E p denotes the energy difference of the state |n p from the vacuum |0 . We now consider the limit of the integral of (F3) over the segment
We assume that the interaction is sufficiently local so that we can neglect the boundary contribution, and the left hand side tends to 0|{Q, O(x, t)}|0 . Assumption of the spontaneous SUSY breaking (F2) then demands that the LHS of Eq. (F4) is t independent. Therefore, on the right hand side, we must have lim p→0 E p = 0. Since g is nonzero, both 0|q|n p and n p |q|0 cannot simultaneously vanish in the p → 0 limit. Physically, it means that the supercharge density either q or q † (or both) create a gapless fermionic excitation in the zero-momentum limit. This is the minimal prediction of the NG fermion theorem without Lorentz symmetry.
Strictly speaking, the above argument does not exclude the possibility that a non-dispersive isolated contribution from a vacuum degeneracy will satisfy (F3) without gapless modes. If this were the case, the LHS of (F3) would contain a space-time independent constant c. However, we may argue that the equal-time anticommutators of fermionic operators should vanish sufficiently fast in space separation in local field theories, so this possibility is inconsistent with locality. See [49, 50] for more details.
How to count NG fermions
Naively, one may repeat the argument by Nielsen and Chadha [50] to discuss counting of NG fermions. We, however, point out a couple of subtleties. First of all, in Nielsen-Chadha, the linear (in)dependency of the broken (super)charge plays a significant role. Here, for the SUSY on a finite lattice, we may always choose Q † |0 = 0 while Q|0 = 0 as a definition of the SUSY breaking ground state. (If Q|0 ′ = 0 but Q † |0 ′ = 0, then define |0 = Q|0 ′ .) For the moment, suppose this were the case even in the continuum limit. Then consider the Fourier transform of (F3) dxdt e −ipx+iωt 0|{q(x, t), O}|0
Now Q|0 = 0 means that the second term of the RHS vanishes in the p → 0 limit. Nielsen and Chadha argued that the LHS must be an analytic function of the momentum, and for this to be the case, the dispersion relation must be an even function E p = C 2 p 2 + C 4 p 4 + · · · . Indeed, this is the mechanism how we would have type B NG bosons. However, we have explicitly seen in the main text that the dispersion relation of our NG fermions is linear, so this argument cannot hold.
If we notice that the low energy excitation of our NG fermion in the continuum limit is a massless Dirac fermion (or weakly coupled Thirring fermion) in the large-g limit, we can immediately realize what went wrong. The assumption Q † |0 = 0 and Q|0 = 0 is an ambiguous statement in the field theory limit. Suppose we define Q (±) := lim p→±0 dxe ipx q(x, t), then the Dirac sea prescription gives Q (+) † |0 = 0, Q (+) |0 = 0 but Q (−) † |0 = 0, Q (−) |0 = 0 since the definition of creation and annihilation flips across p = 0 (or at the Fermi surface in the lattice model). Once we take this careful limiting procedure, we notice that the Fourier transform (F5) is analytic with the linear dispersion E p = C 1 |p| + · · · because the two non-analytic effects cancel. Thus, our NG fermion violates an implicit assumption of NielsenChadha that the (in)dependency of the broken generator is analytic near p = 0, and eventually it shows the linear dispersion. We emphasize that this is always the case for the relativistic NG fermions.
There is a further issue in counting the number of NG fermions. Even after relaxing the connection between the linear dispersion relations and the linear (in)dependency of the broken generators, NG fermions in our example still seem to violate the counting rule of Nielsen-Chadha (or more recent ones discussed in the introduction) for another reason. The point is that our NG fermion is equivalent to a massless Dirac fermion (or Thirring fermion), and we see that the number of gapless fermionic degrees of freedom is twice of the number of SUSY that is spontaneously broken. In other words, with the same SUSY algebra and the same SUSY breaking, one can construct a model in which the number of gapless fermionic degrees of freedom is half of our case (i.e. Majorana). We will discuss such models in a future publication [53] .
Within our model, the reason why we have doubled the number of gapless fermions is because the state that is created by the NG fermion operator lim p→0 dxe ipx q(x, t) discussed above shows the kinetic mixing with another gapless fermionic operator. In our lattice model, this is provided by the fermion c 2k living in the even site while the NG fermion operator c 2k+1 sits at the odd site, and they form a Dirac pair in the large-g limit. This violates a hidden assumption in the effective field theory argument in Murayama-Watanabe [4] that the NG modes do not couple with other gapless modes. However, in general there is no guarantee this is the case, and we have a concrete counterexample here.
